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Kai Zhou (2008) [8] gave an explicit representation of the class
of linear permutation polynomials and computed the number of
them. In this paper, we give a simple proof of the above results.
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1. Introduction
Let q be a prime power, Fq be the ﬁnite ﬁeld of order q, and Fq[x] be the ring of polynomials in
a single indeterminate x over Fq . A polynomial f ∈ Fq[x] is called a permutation polynomial (PP) of Fq
if it induces a one-to-one map from Fq to itself.
Permutation polynomials over ﬁnite ﬁelds have been an interesting subject of study for many
years, and have applications in coding theory [2], cryptography [7,6], combinatorial design theory [1],
and other areas of mathematics and engineering. Information about properties, constructions, and
applications of permutation polynomials may be found in Lidl and Niederreiter [3,4], and Mullen [5].
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n be a positive integer, a polynomial of the form
L(x) =
n−1∑
i=0
aix
qi ∈ Fqn [x] (1.1)
is called a q-polynomial (or a linear polynomial) over Fqn , and is a permutation polynomial of Fqn if
and only if L(x) only has the root 0 in Fqn [3, Theorem 7.9].
Using the theory of linear recurring sequences, Kai Zhou [8] proved the following theorem.
Theorem. (See Kai Zhou [8, Theorem 2.1].) Let
f (x) =
n−1∑
s=0
βq
s(
α0 + αqsα1 + αq2sα2 + · · · + αq(n−1)sαn−1
)
xq
s ∈ Fqn [x], (1.2)
where α is any primitive element in Fqn , {α0,α1, . . . ,αn−1} is any basis of Fqn over Fq and β is any nonzero
element of Fqn . Then f (x) is a permutation polynomial. And there are exactly (qn − 1)(qn − q) · · · (qn − qn−1)
different linear permutation polynomials, in fact they must be of the form of (1.2).
The trace function Tr(x) from Fqn to Fq is deﬁned by
Tr(x) = x+ xq + xq2 + · · · + xqn−1 .
In this note, we will prove the following theorems.
Theorem 1.1. Let {ω1,ω2, . . . ,ωn} be any given basis of Fqn over Fq, and let L(x) =∑n−1i=0 aixq
i ∈ Fqn [x] be a
linear polynomial over Fqn , then there are n elements θ1, θ2, . . . , θn ∈ Fqn such that
L(x) = Tr(θ1x)ω1 + · · · + Tr(θnx)ωn. (1.3)
Moreover, L(x) is a permutation polynomial if and only if {θ1, θ2, . . . , θn} is a basis of Fqn over Fq. And there
are exactly (qn − 1)(qn − q) · · · (qn − qn−1) different linear permutation polynomials, in fact they must be of
the form of (1.3) with a basis {θ1, θ2, . . . , θn}.
Observe that in (1.2), we have f (x) = Tr(βx)α0 + Tr(αβx)α1 +· · ·+ Tr(αn−1βx)αn−1, so the follow-
ing theorem improves Theorem 2.1 in [8].
Theorem 1.2. Let {θ1, θ2, . . . , θn} be any given basis of Fqn over Fq, and let
L(x) = Tr(θ1x)ω1 + · · · + Tr(θnx)ωn, ωi ∈ Fqn ,
then L(x) is a permutation polynomial if and only if {ω1,ω2, . . . ,ωn} is a basis of Fqn over Fq.
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In this section, we present a lemma that will be needed in the proof of Theorem 1.1 and we will
give the proofs of Theorems 1.1 and 1.2.
Lemma 2.1. Let L(x) =∑n−1i=0 aixq
i ∈ Fqn [x] be a linear polynomial over Fqn such that L(x) ∈ Fq for every
x ∈ Fqn , then there is an element θ ∈ Fqn such that L(x) = Tr(θx).
Proof. It is easy to see that there are precisely qn different linear transformations from Fqn to Fq .
On the other hand, {Tr(θx), θ ∈ Fqn } is the set of qn distinct linear polynomials over Fqn such that
Tr(θx) ∈ Fq for every x ∈ Fqn . We are done. 
Proof of Theorem 1.1. Let ω1, . . . ,ωn be a basis of Fqn over Fq . Let
L(x) =
n−1∑
i=0
aix
qi ∈ Fqn [x]
be a q-polynomial over Fqn , then we have
L(x) = L1(x)ω1 + · · · + Ln(x)ωn,
where Li(x) ∈ Fqn [x] (i = 1, . . . ,n) are polynomials such that Li(x) ∈ Fq for every x ∈ Fqn . It is easy to
check that L1(x), . . . , Ln(x) are q-polynomials. By Lemma 2.1, there are elements θi ∈ Fqn (i = 1, . . . ,n)
such that Li(x) = Tr(θi x), i = 1, . . . ,n. Therefore
L(x) = Tr(θ1x)ω1 + · · · + Tr(θnx)ωn.
Let W = 〈θ1, . . . , θn〉 be the Fq subspace generated by θ1, . . . , θn ,
W⊥ = {x ∈ Fqn , Tr(θx) = 0 for every θ ∈ W
}
.
Since 〈x, y〉 = Tr(xy) is a non-degenerated bilinear form of Fqn × Fqn → Fq , so
dimFq W
⊥ = n − dimFq W .
Recall that L(x) is a permutation polynomial of Fqn if and only if L(x) only has the root 0 in Fqn . If x
is a root of L(x), then
Tr(θ1x) = 0, . . . , Tr(θnx) = 0,
or Tr(θx) = 0 for every θ ∈ W . Therefore L(x) is a permutation polynomial of Fqn if and only if
W = Fqn or θ1, . . . , θn is a basis of Fqn over Fq . Other statements in Theorem 1.1 are obvious. 
Proof of Theorem 1.2. First we suppose that L(x) is a permutation polynomial, since Tr(θi x) ∈ Fq ,
i = 1, . . . ,n for any x ∈ Fqn , {ω1,ω2, . . . ,ωn} must be a basis of Fqn over Fq .
Now we suppose that {ω1,ω2, . . . ,ωn} is a basis of Fqn over Fq . By Theorem 1.1, L(x) is a permu-
tation polynomial. Theorem 1.2 is proved. 
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